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ABSTRACT 

As there are two constraints in the design of an optimal system via data envelopment analysis (OSDviaDEA) models, a 

maximum of two responses are determined for prioritizing optimal budgeting allocations. While for the organization 

administrators, determining the budget in an optimal way for each individual making unit (DMU) is considered an 

important issue. Likewise, determining the optimal budget of the entirety of an organization, the wasted budget and /or 

budget deficit are decisively important issues to the managers. Thus, due to the fact that the OSD DEA models can 

merely decide on two optimal conditions for the organizational DMUs, they do not have the necessary efficiency in this 

regard. The present research paper sets out to introduce an extended OSD DEA to resolve some of the shortcomings of the 

former models. Moreover, the effects of adding a new DMU in prioritizing optimal budgeting of the units through 

extended OSD DEA are explored. And in continuation, drawing upon the sensitivity analysis procedure on LP problem, 

a novel method is presented which helps to prevent solving the problem for a second time. The final part is dedicated to 

providing numerical examples for explaining the proposed method. 

Keywords: Optimal budgeting; Generalized OSDDEA method; linear programming; Data envelopment analysis. 

INTRODUCTION 

One of the impediments encountered by administrators in various industries is that of 

designing optimal systems, especially when the accessible budget is an established one. 

However, effective and easily implementable procedures are not readily attainable to overcome 

this obstacle. So, this article is an attempt to obtain an extension model based on data 

envelopment analysis (DEA) for optimal system design (OSD). DEA is a nonparametric method 

applied in such diverse fields as economics, industrial engineering and operations research 

whose goal is to estimate production frontiers. It is utilized empirically to measure the 

productive efficiency of DMUs. Despite the fact that DEA has a strong link to production 

theories in economics, the approach could be used for benchmarking in operations 

management, where a set of measures is selected to benchmark the performance of 

manufacturing and service operations. Within DEA, predefined systems (DMUs) are taken into 

account through LP models so as to make a distinction between optimizing a predefined system 

and designing an optimal one (Zelený, 1990). After all, designing optimal systems is a problem 

https://en.wikipedia.org/wiki/Non-parametric_statistics
https://en.wikipedia.org/wiki/Economics
https://en.wikipedia.org/wiki/Operations_research
https://en.wikipedia.org/wiki/Productive_efficiency
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common to many fields of endeavor. A large amount of literature is devoted to accomplishing 

the OSD through experimentation and/ or mathematical modeling which is applied in such 

structured systems as cooling towers, data storage modules, etc (Alavi, Rahmati and Ziaei-Rad, 

2017; Mortazavi, Karbasian and Goli, 2016; Rahmati, Alavi and Ziaei-Rad, 2017; Agarwal, 

2016; Abdel-Aleem et al., 2017).  

Indeed, DEA is an applied procedure which can be used in diverse branches. As a quick review 

of some of the recent research works using DEA approach, one can refer to Lee and Pai (2015) 

who applied improved  DEA and VIKOR for assessing the performances of TFT-LCD producers 

in Taiwan and Japan from 2002 to 2009; Pan et al. (2010) employed the DEA procedure using 

common DEA models to measure the performance distinction value between Asian and 

European countries; Yang (2013) presented a procedure to investigate the results of an 

environmental control utilized by a production unit to measure the opportunity cost of 

environmental regulations (OCER); Azadi and Saen (2012) proposed a slacks-based measure 

(SBM)-undesirable output model to help administrators ascertain the best suppliers in the 

presence of stochastic data, and undesirable parameters as well. The corresponding 

deterministic data as nonlinear programming factors are also derived; Shirouyehzad et al. 

(2014) presented a novel method for investigating the sensitivity of inefficient models. The 

main advantage of such a method is the flexibility obtained in the process of decision making. 

They further applied the model in the hotel industry to demonstrate its capability. Aksezer and 

Benneyan (2010) evaluated the entirety of the hospital performance under a unit owner: They 

applied DEA via missing data methods. White and Bordoloi (2014) provided a review and 

classification of the literature in relation to applying DEA to a variety of resource and budget 

allocation managements to improve efficiency. Oh and Shin (2015) applied a Monto Carlo 

analysis to present measurement errors: They used DEA as a budgeting strategy.  

Furthermore, Wei and Chang (2011) developed effective approaches providing help to 

decision makers in coping with the challenges of designing their optimal systems and 

determining the corresponding optimal budgets. They utilized DEA, de novo programming and 

parametric linear programming through a parametric right-hand side, in order to create a 

design of an optimal system through data envelopment analysis (OSD DEA) models. 

Considering the research studies conducted within OSD DEA models, it should be noted that- 

due to the accessibility of two constraints only-the optimal budget allocation can be established 

for a maximum of two DMUs. Besides, one cannot find comprehensive model in the literature 

for the determination of the optimal budget should new DMUs arise. In OSD DEA models, 

when a new DMU is added to the organization, all calculation processes should be executed all 

over again so as to determine total optimal budget, the which procedure brings about a waste 

of time and an increase in expenditures. So, it should be of utmost importance to 

administrators to know the optimal budget for all DMUs on a separate basis, in addition to 

determining the optimal budget of the whole organization, the wasted budget, and the budget 

deficit. But the presented OSD DEA model in (Wei and Chang, 2011) does not work efficiently 

in these regards, for it can determine the optimum conditions for two DMUs at most. And so, 

the present paper aims to improve and resolve the deficiencies present in OSD DEA models set 

forth in (Wei and Chang, 2011). Our research is organized as follows: After a short 

introductions provided at the beginning of section 1, section 2 is devoted to explaining OSD 
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DEA model in brief. Section3 introduces an algorithm for our proposed extended OSD DEA-

hence forth GOSD DEA model. To continue, section 4 is an attempt to present a solution to the 

problem of allocating optimal budget based on data envelopment analysis in case a new DMU 

emerges; in such a way that the optimal budget appropriation to other DMUs is not changed. 

Numerical examples are also furnished in this section. Conclusions remarks in section 5 bring 

this research study to an end. 

Optimal system design DEA model in brief  

This section is intended to re redefine the OSD DEA model briefly. The proof of theorems and 

lemma are omitted from the discussion. As a matter of fact, in order to construct OSD DEA 

model, the researchers have utilized DEA, de novo programming, and parametric linear 

programming with a parametric right-hand side. In order to introduce the latter model, it is 

essential to define, the production possibility set. If m inputs and s outputs are assumed to be 

available under the postulates envelopment, convexity, output inefficiency, and minimum 

extrapolation, a generalized production possibility set T is indicated as follows: 

(1) 
𝑇 = {(𝑥, 𝑦)| ∑ 𝑥𝑗

𝑛

𝑗=1
𝜆𝑗 = 𝑥 , ∑ 𝑦̂𝑗

𝑛

𝑗=1
𝜆𝑗  ≥ 𝑦 , ∑ 𝜆𝑗

𝑛

𝑗=1
= 1, 𝜆𝑗 ≥ 0, 𝑗 = 1,2, … , 𝑛}. 

Where 𝑥̂𝑗 = (𝑥̂1𝑗, 𝑥̂2𝑗, … , 𝑥̂𝑚𝑗)𝑇 > 0 and 𝑦̂𝑗 = (𝑦̂1𝑗 , 𝑦̂2𝑗 , … , 𝑦̂𝑠𝑗)𝑇 > 0 are respectively the input 

and output vectors for the jth DMU. It is also assumed that the target DMU’s price data are 

accessible. An 𝑚 × 1 vector 𝐶 = (𝑐1, 𝑐2, … , 𝑐𝑚)𝑇 > 0 and an 𝑠 × 1 vector  𝑃 = (𝑝1, 𝑝2, …       

, … , 𝑝𝑠)𝑇 > 0 are assumed to represent the input and output prices, respectively. It should be 

noted that the reference DMUs price data are not known to the target DMU. Consequently, if 

the DMU’s total accessible budget 𝛽 is known, an OSD DEA model can be established to 

maximize the DMU’s revenue as in the following: 

 (2) Max  𝑃𝑇𝑦          

𝑆. 𝑡𝑜: (𝑥, 𝑦) ∈ 𝑇;

         𝐶𝑇𝑥 ≤ 𝛽.

 

Let n reference DMUs be considered existent; then, the target of the final OSD DEA model is to 

determine the optimal budget of DMUs, which is proposed in (Wei and Chang, 2011) 

according to the following model: 

 

(3) 
 Max ( 𝑃𝑇𝑌̂)𝜆          

 𝑆. 𝑡𝑜: (𝐶𝑇𝑋̂)𝜆 ≤ 𝛽;  

                    𝑒𝑇𝜆 ≤ 1;  
                           𝜆 ≥ 0 .  

 

If the objective function value in (3) is denoted by Z, in order to find out how the value of 𝛽 

affects the maximum revenue, 𝛽 is considered as a variable and 𝑍 = 𝑓(𝛽); indeed, on the 

domain Ω = {𝛽|𝛽 ≥ 0, 𝛽 ∈ ℝ}, 𝑓(𝛽) is being an indirect production function. Therefore, 

Theorem 1 can evidently be proved. 
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Theorem 1. On the domain Ω, 𝑓(𝛽) is a monotonically non-decreasing concave function of 𝛽; 

moreover, 𝑓(0) = 0. 

Definition1. If f(β) denotes the optimal objective function in (3) and supposing that β∗∗ =

min {β∗| maxβ≥0
 

f(β) = f(β∗)}, then β∗∗ is defined as the optimal budget. 

The following theorems and lemmas are provided in (Wei and Chang, 2011) to derive the 

optimal budget β∗∗. 

Theorem 2. Assume that max
1≤𝑗≤𝑛

𝑃𝑇𝑦̂𝑗 = 𝑃𝑇𝑦̂𝑘 , 𝛽∗ = 𝐶𝑇𝑥̂𝑘 and consider the following problem: 

 (4)  𝑓(𝛽∗) = max ( 𝑃𝑇𝑌̂)𝜆                                       

   𝑆. 𝑡𝑜: (𝐶𝑇𝑋̂)𝜆 ≤ 𝛽∗;            

           𝑒𝑇𝜆 ≤ 1;   
                𝜆 ≥ 0 .  

 

Then, 

(i) 𝑓(𝛽) = 𝑓(𝛽∗) 𝑓𝑜𝑟 𝑎𝑛𝑦 𝛽 ≥ 𝛽∗; 

(ii) 𝑓(𝛽) ≤ 𝑓(𝛽∗) 𝑓𝑜𝑟 𝑎𝑛𝑦 0 ≤ 𝛽 ≤ 𝛽∗. 

 

Lemma 1. If 𝛽 ≥ 𝛽∗, then the set of optimal solutions of (3) is {∑ 𝛼𝑘𝑒𝑘| ∑ 𝛼𝑘 = 1, 𝛼𝑘 𝑘∈𝐾𝑘∈𝐾  

 ≥ 0, 𝑘 ∈ 𝐾 }, in which 𝑒𝑘 = (0, … ,0,1,0, … ,0)𝑇 ∈ ℜ𝑛 (all elements are equal to zero except kth 

element that is equal to one) and K = {𝑘| max
1≤𝑗≤𝑛

 𝑃𝑇𝑦̂𝑗 = 𝑃𝑇 𝑦̂𝑘}. 

 

Theorem 3. If K = {𝑘| max1≤𝑗≤𝑛
 

 𝑃𝑇𝑦̂𝑗 = 𝑃𝑇𝑦̂𝑘} and  min
𝑘∈𝐾

𝐶𝑇 𝑥𝑘 = 𝐶𝑇 𝑥𝑘, then 𝛽∗∗ = 𝐶𝑇 𝑥𝑘. 

In the preceding part, the budget constraint CTx ≤ 𝛽 is defined by the suggested OSD DEA 

models. If condition CTx = 𝛽 is considered, i.e. budget 𝛽 has to be totally consummated and 

the following linear programming is obtained: 

 

 

(5) 

  f̂(𝛽) = max PTy                    

   𝑆. 𝑡𝑜: X̂λ = x ;  

            Ŷλ ≥ y;  

           eTλ ≤ 1;  

             CTx = 𝛽;  
                    x ≥ 0,    y ≥ 0, λ ≥ 0.

    

 

Suppose that there is a feasible solution for (5) with 𝛽 ≥ 0, λ̅ being the optimal solution of (5) 

and a feasible scenario in which 𝛽⋆ = CTX̂λ̅ < 𝛽 is considered; then, f̂(𝛽) ≤ f(𝛽) which means 

the optimal amount of  (5) is lower than that obtained from the OSD DEA model. This 

phenomenon (not seeming to be natural) is actually deduced from the congestion, that is, 
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when the condition 𝛽 > 𝛽⋆ = CTX̂λ̅ holds, the congestion will definitely happen. This can be 

demonstrated in Theorem 4. 

 

Theorem 4. Let  𝜆̅ be the optimal solution of (3) and 𝛽⋆ = 𝐶𝑇𝑋̂𝜆̅ < 𝛽, then 𝑓(𝛽) ≤ 𝑓(𝛽) =

𝑓⋆(𝛽). 
The generalized optimal system design DEA (GOSDDEA) model 

In order to design an extended version of OSD DEA model which can overcome the above 

draw backs, first, based on applying the theoretical points mentioned in the previous section, 

an algorithm for the OSD DEA procedure is introduced. Subsequently, a GOSD DEA model is 

presented to address the deficiencies. 

• The algorithm for implementing the OSD DEA method 

In light of the above-mentioned algorithms, based on the way the OSD DEA models are 

configure, the optimal budget might be presented through the following algorithm: 

OSD DEA algorithm 

Step1. (Preparation) Specifying the number of DMUs in the organization (n), presenting the 

total available budget for the organization (𝛽), quantifying the inputs (m) and outputs (s) of 

the organization for each DMU separately and quantifying the values of inputs © and outputs 

(P) prices for each DMU. 

Step2. (Modelling) Forming the OSD DEA model (3) and solving it. 

Step3. (Optimal budgeting specified) From step 2, the nonzero optimal λ∗s and their respective 

DMUs are found; then, the desired amounts of the budget are specified against these DMUs. 

Now the maximum profit can be calculated. 

It should be noted that practical examples are provided in (Wei and Chang, 2011) to illustrate 

how to implement the algorithm and how to determine the budgeting. 

Introducing the GOSD DEA Method 

As mentioned before by solving the OSD DEA model explained in the above section, at most 

two DMUs are determined for prioritizing optimal budget allocations, for model (3) merely 

has two constraints; it is of great importance for the administrator of an organization, 

however, to know the optimal budget for all DMUs separately. Besides, beyond determining 

the optimal budget of the whole organization, pinpointing the wasted budget and the budget 

deficit are equally crucial to an administrator. Hence, OSD DEA, as it stands, is not efficient 

and adequate enough to satisfy these requirements. In this regard, in this purls a GOSD DEA 

model is presented to overcome these drawbacks. Indeed the GOSD DEA method can specify 

the optimal budget for each DMU; if the available budget of the organization is lower than the 

minimum optimal budget of all DMUs, the organization will encounter a budget deficit. Also, 

if the optimal budget is allocated to all DMUs and there is a budget surplus, the organization 

will run across extra budget. In either case, after implementing the GOSD DEA method, the 

budget deficit or the budget surplus is exactly computable by subtracting the sum of the 

allocated optimal budgets from the available total budget. The GOSD DEA is presentable in the 

following manner. 

Step1. Performing the OSD DEA algorithm introduced in section 3.1 (steps 1 to 3) to determine 

the optimal budget for at most two DMUs; 
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Step2. Specifying the new budget of the organization by subtracting the optimal budget of the 

optimally identified DMUs in the process of prioritizing the budget (obtained from the 

previous step) from the total available budget; 

Step3. Eliminating the identified DMUs from the whole DMUs in the organization; 

Step4. If the budget allotted to all DMUs is determined or the accessible budget is less than the 

minimum budget required for all the remaining DMUs, the algorithm will stop; otherwise, 

forming a new OSDDEA model by eliminating the related variable of the identified DMUs from 

the objective function and restrictions. Consider the new budget of the organization as the total 

available budget and return to step 1. 

• Simulation and analysis 

In order to illustrate how to implement the GOSD DEA algorithm proposed for budgeting the 

organization, based on real data, a numerical example is investigated. The data are reported in 

Ertay et al. (2006) for a facility layout design (FLD) in a manufacturing plant. These data are 

collected from a SERT plastic industry company in SPAIN. FLD refers to coherent and harmonic 

establishment of machinery, equipment, sections, and workstations alongside of each other in a 

manufacturing DMU. This formation will result in the best efficiency realized in a combination 

of human resources, materials, equipment, and machinery for manufacturing products having 

maximum efficiency and profitability taking into account a set of goals, constraints, and some 

other conditions. 

Table 1 contains the real data for 19 DMUs in an organization (19 FLDs) each having material 

handling cost and adjacency scores as input variables, and shape ratio, utilization of material-

handling vehicle, flexibility and quality as output variables. If the total available budget for the 

organization (𝛽) is assumed equivalent to the total sum of two types of inputs for all DMUs of 

FLD organization, (3) can be formed for prioritizing optimal budget designation. 

It is assumed that the inputs and outputs do not outrank one another; accordingly, 𝛽 

=489639.26, C= (1, 1), and P= (1, 1, 1, 1) are the given values. By forming (3), and solving it 

using LINGO11 software in the first run, the 16th DMU is identified as the most efficient DMU 

in the organization (λ16
∗ ). Given this condition, when the optimal budget is allocated to the 

most efficient DMU, the optimal revenue will be f (𝛽) = 34.0821. Now theorem 4 is employed 

to determine the optimal budget as: 

𝐾 = {16}    ,        𝑀𝑖𝑛 𝐶𝑇𝑥16 = 26333.5   ,   𝛽∗∗ = 26333.5. 

This is all that OSD DEA can achieve. That is, it cannot go any further whatsoever towards 

other DMUs performing additional analysis. Now let's consider what happens when GOSD 

DEA is used. By invoking GOSD DEA algorithm-via LINGO-and executing the optimal 

budgeting process for all DMUs, a set of totally different results are obtained. These data are 

provided in Table 2. As is inferred from the Table, the amount of the wasted budget is equal to 

𝛽 − ∑ 𝛽𝑖
∗∗ =𝑛

𝑖=1 9952.24, where 𝛽𝑖
∗∗ is the optimal budget of the ith DMU resulting from 

Theorem 4 forming the fourth column of the Table. Since this value is positive, the 

organization can have the same production while, consuming less budget. In other words, the 

proposed optimal budget for the organization resulting in a maximum revenue is equal to 

∑ 𝛽𝑖
∗∗ = 479687.02𝑛

𝑖=1 . 
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Comparing the obtained values to those of Ertay et al. (2006), it can be deduced that the 

identified DMU for prioritizing the budget matches the most efficient DMU identified in (Ertay 

et al., 2006) i.e., both methods introduced the DMU number 16 as the most efficient one-a 

predictable outcome. 

Table 1. Reference (Ertay et al., 2006) organization data 

DEA ouputs DEA inputs 
DMUs 

Hand-carry utility Quality Flexibility Shape ratio Adjacency score Cost ($) 

30.89 0.041 0.0113 0.4697 6405 20309.56 1 

31.34 0.0484 0.0337 0.438 5393 20411.22 2 

30.26 0.0653 0.0308 0.4392 5294 20280.28 3 

28.03 0.0638 0.0245 0.3776 4450 20053.2 4 

25.43 0.0484 0.0856 0.3526 4370 19998.75 5 

29.11 0.0361 0.0717 0.3674 4393 20193.68 6 

25.29 0.0846 0.0245 0.2854 2863 19779.73 7 

24.8 0.0125 0.0113 0.4398 5473 19831 8 

24.45 0.0724 0.0674 0.2868 5161 19608.43 9 

26.45 0.0653 0.0856 0.6624 6078 20038.1 10 

29.46 0.0638 0.0856 0.3437 4516 20330.68 11 

28.07 0.0846 0.0856 0.3526 3702 20155.09 12 

24.58 0.0361 0.0337 0.269 5726 19641.86 13 

32.2 0.0638 0.0856 0.3441 4639 20575.67 14 

33.21 0.0452 0.0337 0.4326 5646 20687.5 15 

33.6 0.0653 0.0856 0.3312 5507 20779.75 16 

31.29 0.0638 0.245 0.2847 3912 19853.38 17 

25.12 0.0179 0.0337 0.4398 5974 19853.38 18 

30.02 0.0217 0.0856 0.4421 7402.01 20355 19 

 

However, it should be noted that the novel method can additionally identify the wasted budget. 

In this way, the decision makers might investigate the congestion phenomenon in budgeting. 

So, after determining the amount of ∑ 𝛽𝑖
∗∗ = 479687.02𝑛

𝑖=1 , the sensitivity analysis (Bazaraa, 

Jarvis and Sherali, 2011) can be performed for the previous problem. Now if the amount of 

available 𝛽 is less than ∑ 𝛽∗∗, the organization will encounter budget deficit. To take an 

example, if the predicted budget 𝛽 is assumed to be 200000, under such condition, prioritizing 

budget for the organization DMUs is calculated after performing GOSD DEA algorithm as is 

given in the following: 

𝜆16
∗ = 1, 𝜆15

∗ = 1 , 𝜆14
∗ = 1, 𝜆17

∗ = 1, 𝜆2
∗ = 1 , 𝜆1

∗ = 1, 𝜆3
∗ = 1, 𝜆19

∗ = 0.7298985 
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Table 2. Results of prioritizing budget allocation for FLD organization DMUs 

DMUs 𝛽 − 𝛽∗∗ 𝛽∗∗ 𝑓(𝛽 ) 𝜆∗ Available budget 

1 463305.8 26333.5 34.0821 𝜆16
∗ = 1 489639.26 

2 436972.3 26333.5 33.7215 𝜆15
∗ = 1 463305.8 

3 411757.6 25214.67 32.6935 𝜆14
∗ = 1 436972.3 

4 387992.2 23765.38 31.8835 𝜆17
∗ = 1 411757.6 

5 362188 25804.22 31.8601 𝜆2
∗ = 1 387992.2 

6 335473.4 26714.56 31.412 𝜆1
∗ = 1 362188 

7 309899.2 25574.28 30.7953 𝜆3
∗ = 1 335473.4 

8 282142.1 27757.01 30.5694 𝜆19
∗ = 1 309899.2 

9 257295.5 24846.68 29.9531 𝜆11
∗ = 1 282142.1 

10 232708.8 24586.68 29.5852 𝜆6
∗ = 1 257295.5 

11 208851.7 23857.09 28.5928 𝜆12
∗ = 1 232708.8 

12 184348.5 24503.2 28.4959 𝜆4
∗ = 1 208851.7 

13 158232.4 26116.1 27.2633 𝜆10
∗ = 1 184348.5 

14 133863.6 24368.75 25.9166 𝜆5
∗ = 1 158232.4 

15 111220.9 22642.73 25.6845 𝜆7
∗ = 1 133863.6 

16 85393.53 25827.38 25.6114 𝜆18
∗ = 1 111220.9 

17 60089.53 25304 25.2636 𝜆8
∗ = 1 85393.53 

18 34721.67 25367.86 24.9188 𝜆9
∗ = 1 60089.53 

19 9952.24 24769.43 24.8766 𝜆13
∗ = 1 34721.67 

     9952.24 

 

Since 𝛽 < ∑ 𝛽∗∗, the last DMU (the 19th DMU in the organization) cannot gain its required 

budget in such prioritizing process. As a matter of fact, the available budget for the 19 th DMU 

is equal to the designated amount 0.7298985 which is far less than that required for the latter 

DMU. In such a case, the organization faces a budget deficit. If the available 𝛽 is higher than 

∑ 𝛽∗∗, all the DMUs will earn their optimal budget and an amount equivalent to 𝛽 − ∑ 𝛽∗∗ of 

the budget is wasted. When this happens, the designated budget exceeds the requirements of 

the organization.  

In this application, the use of the OSDDEA model and the general algorithm (GOSDDEA) for 

allocating the optimal budget to all DMUs was introduced. After solving the problem and 

allocating the optimal budget, if a new DMU is added to the problem, using the sensitivity 

analysis can be obtained a limit in which the optimization conditions do not change the 

problem. In the following, the impact of adding a new DMU to the problem is presented. 
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Effect of adding a new DMU on designating the optimal budget  
There is need for most organizations to establish new DMU(s) after sometime; the new DMU(s) 

require(s) budget allocation exactly like the previous ones. Accordingly, the optimal budget 

allotted to other DMUs will undergo some changes and a re-reallocated is required, the result 

of which is a waste of time and money; in this section, we are to obtain a solution to optimal 

budget designation drawing upon data envelopment analysis in case a new DMU is added. 

Charnes and Cooper were the first researchers who conducted an investigation on sensitivity 

analysis within DEA framework in 1968 (Charnes and Cooper, 1968). Then, the necessity for 

novel algorithms was discussed, for the data in both sides of the constrain of related linear 

programming problems in DEA are changed (Charnes et al., 1984). Next, Charnes and Neralic 

(Charnes and Neralic, 1992) developed a technique for carrying out a sensitivity analysis 

where simultaneous changes in all inputs and outputs of a DMU occur. After that, sensitivity 

and stability analyses in classifying the efficiencies related to data envelopment analysis models 

were discussed (Jahanshahloo et al., 2005). In what follows, we try to illustrate that without 

solving several linear programming problems, the effect of adding a new DMU on the 

preceding optimal budgeting could be investigated by introducing a budget area for the DMUs. 

If the added DMU belongs to this budget proper, then the optimal budget allotted to the 

previous DMUs, will remain unchanged; otherwise, we have to face changes in the budget 

allocations. It should be reminded that by specifying the use of sensitivity analysis in linear 

programming theory, this budget proper can be specified via a simple computing process in a 

short time. The process is accomplished using GOSD DEA, as a result of which, there is no need 

to solve the problem for a second time; thus, executing a high amount of computations is 

prevented. This investigation is inspired by the sensitivity analysis method in the LP theory and 

introduces a novel procedure having the stated characteristics. 

• Modeling and investigating the effect of adding a new DMU 

Let us assume that there are n DMUs with 𝒳𝑗̂ = (𝒳̂2j, 𝒳̂2j , … 𝒳̂ij, … 𝒳̂mj)
T > 0 and 𝑦𝑗̂ =

(ŷ2j , ŷ2j , … ŷrj, … ŷsj)
T > 0 as the input and the output vectors for the jth DMU, respectively. 

Also let 𝑃̂ = (𝑝1, 𝑝2, … . , 𝑝𝑠)𝑇 > 0 be the weight (cost) vector corresponding to the outputs, 𝐶 =

(𝑐1, 𝑐2, … . , 𝑐𝑚)𝑇 > 0 be the weight (price) vector corresponding to the inputs and 𝛽 be the 

total budget of the organization. It should be mentioned that in this section the notation 𝑃 ̂is 
used as the output weight vector in order to make difference with the coefficients of the 

objective function P. According to the definition of production possibility set in section 2, the 

OSD DEA model performs as following in order to maximize the revenue of the objective DMU 

and afterwards allocate the corresponding optimal budget: 
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(6)                             Max   ∑   𝑃̂𝑇𝑦̂  
𝑟𝑗

𝜆𝑗  

𝑛

𝑗=1

        𝑟 = 1,2, … , 𝑠              

                              𝑆. 𝑡𝑜: ∑   𝐶̂𝑇𝑥  
𝑖𝑗 𝜆𝑗 

≤ 𝛽

𝑛

𝑗=1

;  𝑖 = 1,2, … , 𝑚;          

                              ∑   𝑒𝑇 𝜆𝑗 
≤

𝑛

𝑗=1

 

1,         𝑗 = 1,2, … , 𝑛;   

                                            𝜆𝑗 ≥ 0   ,       𝑖 = 1,2, … , 𝑚.  

 

It is clear that when a DMU is added to model (6), actually a variable is added to the initial 

problem. This is equivalent to adding a constraint to the dual problem; then the dual of (6) in 

standard form is stated as: 

 

 (7)   Min  ∑ 𝛽𝑣𝑖 + ∑ 𝑢𝑟

𝑠

𝑟=1

𝑚

𝑖=1

                                                      

   𝑆. 𝑡𝑜: ∑ 𝐶𝑇𝑥𝑖𝑗𝑣𝑖 + ∑ 𝑒𝑇𝑢𝑟 − ∑ 𝑃̂𝑇𝑦𝑟𝑗 − 𝑠̅𝑗 = 0; 

𝑠

𝑟=1

𝑠

𝑟=1

𝑚

𝑖=1

 

                             ∑ 𝐶𝑇𝑥𝑖,𝑛+1𝑣𝑖 + ∑ 𝑒𝑇𝑢𝑟 − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1 − 𝑠̅𝑛+1 = 0; 

𝑠

𝑟=1

𝑠

𝑟=1

𝑚

𝑖=1

  

                                             𝑣𝑖 , 𝑢𝑟  , 𝑠̅𝑗, 𝑠̅𝑛+1 ≥ 0, 𝑖 = 1,2, … , 𝑚 , 𝑗 = 1,2, … , 𝑛,  

 

where ur(r = 1,2, … , s) and vi(i = 1,2, … , n) are dual variables. If B is the optimal bases 

matrix related to (7), then the base and the new vector are as follows: 

 

(8) 𝐵𝑛𝑒𝑤 = (
𝐵 0
𝑁 −1

) ,                𝑏𝑛𝑒𝑤 = (
𝑏

∑ 𝑃̂𝑇𝑦𝑟,𝑛+1

𝑠

𝑟=1

) ;  

𝑁 = [𝐶𝑇𝑥𝑗1,𝑛+1 , … , 𝐶𝑇𝑥𝑗𝐿,𝑛+1, 1,1, … ,1,0,0, . . . ,0  ] 

where L is the number of variables available in the base and the zeros of matrix N 

corresponding to auxiliary variables of the problem in the initial bases. In this regard:  

(9) 
(𝐵𝑛𝑒𝑤)−1 = ( 𝐵−1 0

𝐵−1𝑁 −1
) . 

Since in any linear programming problem, adding a new variable may affect the optimality 

and feasibility of the preceding optimal solution, the conditions of optimality and feasibility of 

problem (7) should be investigated. Thus it is inferred from (Bazaraa, Jarvis and Sherali, 2011) 

that (10) is established for all the basic variables: 

(10) 
𝑍𝑖 − 𝐶𝑖 = [𝐶𝐵 , 0] ( 𝐵−1 0

𝐵−1𝑁 −1
) (

𝑎𝑖

𝐶𝑇𝑥𝑖,𝑛+1
) − 𝐶𝑖 = 𝐶𝐵 𝐵−1𝑎𝑖 − 𝐶𝑖 . 
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 It shows that adding a new restriction does not have an impact on the optimality of the 

problem; for it does not bring about any changes in the coefficients of the basic variables. 

Therefore, the possibility condition under which the efficiency of the DMU in question is 

unchanged-when prioritizing budget allocations-a point be discussed below. 

Theorem 5. If the new DMUn+1 satisfies the following inequality, the efficiency of the DMU 

under discussion, will remain unchanged: 

(11) 
∑ 𝐶𝑇𝑥𝑖,𝑛+1𝑣𝑖

∗ + ∑ 𝑢𝑟
∗ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1 

𝑠

𝑟=1

≥ 0.         

𝑠

𝑟=1

𝑚

𝑖=1

  

 

where 𝑢𝑟
∗(r = 1,2, … , s) and 𝑣𝑖

∗(i = 1,2, … , n) are the optimal dual variables. 

Proof: Since adding a constraint does not influence the optimality of problem (7) (based on Eq. 

(10)), it is sufficient to investigate the feasibility condition. Thus, the new values of the right 

hand side are calculated as: 

(12) 

(𝐵−1𝑏)𝑛𝑒𝑤 = ( 𝐵−1 0
𝐵−1𝑁 −1

) (

𝑏

∑ 𝑃̂𝑇𝑦𝑟,𝑛+1 

𝑠

𝑟=1

) = (

𝑏̅

𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1 

𝑠

𝑟=1

). 

Accordingly, for the feasibility of the solution, (13) must hold: 

(13) 

𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1  ≥ 0

𝑠

𝑟=1

. 

If  𝑢1, 𝑢2, … , 𝑢𝑘 , 𝑘 ∈ {1,2, … , 𝑠} and  𝑣1, 𝑣2, … , 𝑣𝐿, 𝐿 ∈ {1,2, … , 𝑚} are considered to be the 

initial basic variables, then, 

(14) 𝑁 = [𝐶𝑇𝑥1,𝑛+1 , … , 𝐶𝑇𝑥𝐿,𝑛+1, 1,1, … ,1,0,0, . . . ,0  ]    , 𝑏̅ = ⌈𝑣𝑖
∗, 𝑢𝑟

∗ , 𝑠̅𝑡
∗⌉  . 

Hence, 𝑁𝑏̅ = ∑ 𝐶𝑇𝑥𝑖,𝑛+1𝑣𝑖
∗ + ∑ 𝑢𝑟

∗𝑘
𝑟=1

𝐿
𝑖=1 . However, the values of 𝑢𝑟(𝑟 = 𝑘 + 1, … , 𝑠) and 𝑣𝑖(𝑖 =

𝐿 + 1, … , 𝑚) are zero because they are non-basic variables; therefore, 

(15) 
𝑁𝑏̅ = ∑ 𝐶𝑇𝑥𝑖,𝑛+1𝑣𝑖

∗ + ∑ 𝑢𝑟
∗

𝑠

𝑟=1
.

𝑚

𝑖=1
 

Now from (13) we have: 

(16) 
∑ 𝐶𝑇𝑥𝑖,𝑛+1𝑣𝑖

∗ + ∑ 𝑢𝑟
∗

𝑠

𝑟=1

𝑚

𝑖=1
− ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1  ≥ 0 ,                       

𝑠

𝑟=1

 

which is the condition stated in the theorem. ▭                                                                    

 Thus, if condition (13) holds, then adding 𝐷𝑀𝑈𝑛+1 has not effect on the optimal solution; i.e., 

the feasibility condition holds for the linear programming problem. If the conditions of 
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Theorem 5 hold for each DMU by determining their budget intersection, the range of changes 

related to the input and output of the new DMU with regard to affecting the new solution 

could be obtained (for the conditions are stated in terms of the unknown variables x and y). 

Furthermore, an appropriate range might be determined for the new DMU in a way that the 

allocated budget to the previous DMUs remains unchanged. The process of budgeting for the 

organization DMUs is explained through an example in the following section. Following that, 

the appropriate range for adding a new DMU is obtained by applying Theorem 5. 

• Numerical results 

In this section, based on the working model in subsection 4.1, some numerical results are given 

for the test problems raised in (Wei and Chang, 2011) and (Ertay, Ruan and Tuzkaya, 2006). 

To that end, it is supposed that a new DMU is added to the above-mentioned organizations. To 

perform the necessary computations, software Lingo 11 is used on a PC with Intel Core i5–

7200U CPU and 12GB of RAM by double precision format.  

 

Example 1: An organization has 4 decision making units. The values for the input and output 

for each DMU are shown in Fig. 1. The available budget for the organization is assumed to be 

10 units.  

 
Figure 1: Input and output data of four decision making units in organization 

New, we try to find the proper region for adding a DMU such that the allocated budget for the 

previous units remains unchanged. The linear programming problem (6) for this example runs 

as follows: 

 

(17) 
                   𝑀𝑎𝑥    𝑍 = 𝜆1  + 3𝜆2 +  5𝜆3 + 2𝜆4 

                          𝑆. 𝑡𝑜:    𝜆1  +   𝜆2 +    𝜆3 +   𝜆4 ≤ 1; 

                                      𝜆1 +  2𝜆2 +  4𝜆3 + 3𝜆4 ≤ 10; 

                                             𝜆1,  𝜆2,   𝜆3, 𝜆4 ≥ 0. 

By running the GOSD DEA algorithm, the results cited in Table 3 are obtained. These results 

are calculated by correcting the available budget and performing a repetitive process in 

optimal budget appropriation. Now, by applying Theorem 5 for each DMU we will have: 

 

(18) 
      𝐷𝑀𝑈3  ∶  𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1

𝑠
𝑟=1 = 5 − 𝑦 ≥ 0 ; ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1

𝑠
𝑟=1 = 𝑦                           

𝐷𝑀𝑈2  ∶ 𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 3 − 𝑦 ≥ 0 ;              

      𝐷𝑀𝑈4  ∶ 𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 2 − 𝑦 ≥ 0 ;              

 𝐷𝑀𝑈1  ∶  𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 𝑥 − 𝑦 ≥ 0, 𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1

𝑠
𝑟=1 = 1 − 𝑦 ≥ 0 . 

 

Table 3. Results obtained by prioritizing optimal budget designation for organization 
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The available budget 𝜆∗
  Z 𝛽∗∗ 𝛽 − 𝛽∗∗ step 

10 𝜆3
∗ = 1 5 4 6 1 

6 𝜆2
∗ = 1 3 2 4 2 

4 𝜆4
∗ = 1 2 3 1 3 

1 𝜆1
∗ = 1 1 1 0 4 

 

Intersecting all the above inequalities would produce the set S= {(𝑥, 𝑦)|𝑦 ≤ 1, 𝑥 ≥ 𝑦}; 

therefore, S is the budget area for which the optimal budgeting process will not change if in 

terms of 𝑥 (input) and 𝑦 (output), the coordinates of the new decision making unit are 

substituted in that; otherwise, the budget designation process has to be repeated. The output of 

the new DMU should be less than or equal to 1 and the input should be larger or equal to the 

output such that the new DMU can be placed in the budget area S. 

 

Example 2: Consider the organization referred to in section 3.3 along with the data in Table 1. 

We intend to find the proper region for adding a new DMU such that the allocated budget for 

the other units is unchanged. The obtained results for budgeting through our new method are 

presented in Table 2 (using the GOSD DEA algorithm). Now, by applying Theorem 5 for each 

DMU, the following results ensue.  

 

 

(19) 

      𝐷𝑀𝑈16  ∶  𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 34.0821 − 𝑦 ≥ 0 ;                                   

      𝐷𝑀𝑈15  ∶ 𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 33.7215 − 𝑦 ≥ 0 ; 

...                                                                                                                

      𝐷𝑀𝑈13  ∶ 𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 24.8766 − 𝑦 ≥ 0 ;              

   𝐷𝑀𝑈1  ∶  𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 𝑥 − 𝑦 ≥ 0, 𝑁𝑏̅ − ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1

𝑠
𝑟=1 = 1 − 𝑦 ≥ 0 ;      

where  ∑ 𝑃̂𝑇𝑦𝑟,𝑛+1
𝑠
𝑟=1 = 𝑦.     

 

Intersecting all the above inequalities implies the set = {(𝑥, 𝑦)|𝑦 ≤ 24.8766 ,  𝑥 ≥ 𝑦}. Hence, the 

previous optimal budgeting process will not change if coordinates (𝑥, 𝑦) in terms of x (input) 

and y (output) of the new decision making unit belong to S; otherwise, the budget 

appropriation process has to be repeated. In this regard, the output of the new DMU should be 

less than or equal to 24.8766  and its input should be larger or equal to the output such that 

the new DMU can be placed in the budget area S. 

CONCLUSIONS 

The percent article advances a new GOSD DEA procedure to address some of the limitations of 

the conventional OSD via DEA models which are only capable of handling two Decision 

Making Units (DMU). The introduced extended method can readily deal with prioritizing 

budget appropriations for other DMUs determining the optimal budget for each particular 

DMU. In addition, the proposed extended method is versatile; that is, it can meet several 

secondary goals includes optimal budgeting and maximum revenue of the whole organization 

when the optimal budget is determined. As each organization is designed to attain specific 

objectives in agreement its inherent characteristics, a sensitivity analysis is further performed 



Örgütsel Davranış Araştırmaları Dergisi  
Journal of Organizational Behavior Research 
Cilt / Vol.: 4, Sayı / Is.: S2, Yıl/Year: 2019, Kod/ID:  91S2547 

 

14 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

to investigate the effect of adding a new DMU on the optimal budget allocated to the other 

divisions. As a result, a budget proper is obtained such that the optimal budget dedicated to 

other DMUs remain unchanged if coordinates of the new DMU are placed in the budget 

proper in terms of input and output; otherwise, budget has to be re-allocated. In general, a 

conclusion that can be drawn is that the presented method is capable of facilitating the 

budgeting process in a short while, thus empowering the organization's administrator with 

regard to decision making on budgetary problems by giving them broader perspectives and 

requisite insight. 
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